This note gives two results neighboring on Fermat's last theorem that in principle induce elementary proofs of Fermat's last theorem. The first result gives a necessary condition for Fermat's last theorem to be false, and the second one divides Fermat's last theorem into exactly three cases and proves one of those.
Introduction
Let x, y, z > 0 be integers. We will prove the following two theorems: Theorem 1. If p ≥ 7 is an odd prime, if (x, y) = 1, and if x p + y p = z p , then there is a triple of integers a, b, c > 0 such that (a, b) = 1 and a p − 4b p = c 2 .
Regardless of surprisingness, Theorem 1 essentially proves Fermat's last theorem since [BS04] proves that there is no triple of integers a, b, c > 0 such that (a, b) = 1 and a p − 4b p = c 2 .
Theorem 2 partitions Fermat's Last Theorem into exactly three cases, the first of which is the assertion under consideration, the second of which is with z − y = 1, and the third of which is with z − y ∤ x.
Although the cited results are deep, our arguments are elementary in the sense that used is no more than the ABCs of some concepts in number theory.
Proofs
Proof of Theorem 1. By the equation x p + y p = z p we have
for some rational 0 < r < 1, so
and hence
Therefore, the difference 1 − 4(xy) p /z 2p ≥ 0 is to be a perfect square. But, since
since z 2p is a perfect square, and since if z 2p = 4(xy) p then from the equation x p + y p = z p we have x = y that leads to a contradiction, it follows that Moreover, because (x, y) = 1 and x p + y p = z p , we have (x, y) = (y, z) = (x, z) = 1, whence
But the existence of such a, b, c contradicts Theorem 1.2 of [BS04] .
Proof of Theorem 2. We argue by contradiction. If there exists a counterexample to the assertion, then we have the inequality z < x + y that follows from the relations (x + y) p > x p + y p = z p , and we have the inequalities x, y < z that follows from the implications x ≥ z ⇒ y ≤ 0 and y ≥ z ⇒ x ≤ 0. So there is an integer 0 < a < x such that z = y + a, and hence
or equivalently
Since a | x is assumed and a < x, it follows that there is an integer m ≥ 2 such that x = ma and (y, a) = 1.
Dividing both sides of the second equality sign by a, we get
Since a = 1 is assumed and (y, a) = 1, on dividing by a again we get
unless a = p. But the equality a = p is invalid; indeed [S77] proves that under our assumptions, without further restrictions on a, it holds that a = 2 n s p−1 t p ,
where n = 0, 1 has the property that 2 n | p and s, t > 0 are integers with s | p.
